COMPOSITION OPERATORS ON HARDY SPACES OF 

A HALF PLANE 
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Abstract. We prove that a composition operator is bounded on 
the Hardy space H 2 of the right half-plane if and only if the in- 
ducing map fixes the point at infinity non-tangentially, and has a 
finite angular derivative A there. In this case the norm, essential 
norm, and spectral radius of the operator are all equal to VX 



1. Introduction 

Analytic composition operators have already been studied in great 
detail on Hardy spaces on the unit disc of the the complex plane. It is 
a consequence of the Littlewood subordination principle that all such 
operators are bounded on all the Hardy spaces, as well as a large class 
of other spaces of functions. Characterizations of compactness and 
weak compactness have also been produced, including those of Cima 
and Matheson [3], Sarason [10] and Shapiro [TT] . 

Comparatively little work has been done, however, on equivalent 
spaces of a half plane. Although corresponding Hardy spaces of the 
disc and half-plane are isomorphic, composition operators act very dif- 
ferently in the two cases, for example, not all analytic composition 
operators are bounded. In addition, Valentin Matache showed in [7] 
that there are in fact no compact composition operators in the half- 
plane case. Characterizations of isometric composition operators have 
now been given in both cases however: in the disc by Nordgren [9] , and 
more recently in the half plane by Chalendar and Partington [3]. 
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In [5], the first named author produced a simple description of the 
bounded composition operators with rational symbol, and gave a nec- 
essary condition for boundedness of more general inducing maps. Pre- 
viously, Matache [8] showed that a composition operator is bounded 
on the Hardy space if and only if it has finite angular derivative at 
infinity. We will use techniques similar to those developed by the sec- 
ond named author in [6 J to give a simplified proof of Matache's result, 
and we prove that the norm of C v on H 2 is in fact equal to the square 
root of the angular derivative ip' (oo). Furthermore the norm, essential 
norm, and spectral radius are all equal, which in particular strength- 
ens Matache's result on non-compactness. Similar results follow for the 
other H p spaces. 



2. Preliminaries 

Let EI denote the right half-plane {^tz > 0}. We consider the Hardy 
spaces H P {M) for < p < oo, defined as the space of all holomorphic 
functions in EI for which 

1 f°° 

sup—/ \f(x + iy)\ p dy < oo 
x >o 2n y_ 00 

When p > 1, the p th root of this supremum defines a norm, and H P (M) 
is a Banach space. The space H 2 (M) is a reproducing kernel Hilbert 
space over H, with kernel 

k w [z) 



z + w 



This means that for each w G H, the evaluation functional / — > f(w) 
is bounded on H 2 , and 

(2.1) f(w) = (f,k w ) H2 . 

We will be interested in composition operators on H p ; these are oper- 
ators defined by 

C v f :=fotp 

where (p : EI — ► EI is a holomorphic mapping. If C v is bounded, then a 
quick calculation using (12.1 1) shows that 

(2.2) C^k w = k(p( w y 

We will prove that is bounded on H 2 if and only if the map tp fixes 
the point at infinity and has a finite angular derivative there. The key 
idea in the proof is to express both the angular derivative hypothesis 
and the boundedness conclusion in terms of the positivity of certain 
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kernels. By a positive kernel on H we mean any function K(z, w) on 
HI x HI with the property that 

n 

(2.3) c i~j K ( x ii 

Xa) > 

for all n > 1, all choices of scalars ci, . . . c n and sets of points x±, . . . x n G 

e. 

We begin by collecting some relevant background material. The 
following characterization of self-maps of H is well known; it follows 
immediately from the half-plane formulation of the Nevanlinna-Pick 
interpolation theorem. 

Proposition 2.1 (Nevanlinna). A holomorphic function ip in H has 
positive real part if and only if the kernel 



ip(z) + ip(w) 
z + w 

is positive. 

Next, we need the fact that if Ki(z,w) and K 2 (z,w) are positive 
kernels, then the product Ki(z,w)K 2 (z,w) is also a positive kernel; 
this is just the Schur (or Hadamard) product theorem expressed in 
kernel language; see e.g. [Tj, Appendix A]. 

Finally, we recall some of the theory of angular derivatives; for a 
thorough discussion of this topic see p2J Chapter 4]. A sequence of 
points z n = x n + iy n in HI is said to approach oo non-tangentially if 
x n — > oo and the ratios \y n \/x n are uniformly bounded. We say a map 
p : EI — ► HI fixes infinity non-tangentially if (f(z n ) — > oo whenever 
z n — > oo non-tangentially, and write ip (oo) = oo. If <p(oo) = oo, we say 
that ip has a finite angular derivative at oo if the non-tangential limit 

(2.4) lim 

exists and is finite; we write <p'(oo) for this quantity. If we let ip be 
the self- map of D conjugate to <p via the Cayley transform t(Q = j^, 
that is ip = r _1 o p o r, then (12. 4p is easily seen to be equivalent to the 
existence of the non-tangential limit 

(2.5) talzM. 

Moreover the Julia-Caratheodory theorem [T2J p. 57] says that this limit 
is also equal to the non-tangential limit of ^'(C) as C — ^ 1, justifying 
the name. We will need the following half-plane variant of the Julia- 
Caratheodory theorem: 
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Proposition 2.2 (Julia-Caratheodory theorem in H). Let if : M — > H 

be holomorphic. The following are equivalent: 

(1) y?(oo) = oo and (fi'(oo) exists. 

f 3) lim sup — . . < oo 

Moreover the quantities in (2) and (3) are both equal to the angular 
derivative ip' (oo). 

Proof. Transporting things to the disk, we find using the notation in- 
troduced above that 

(2 6) ( \i-m\ 2 \ a-icp 

{ - } %p{z) Vi-WOIV Vii-CP 

so that (1) implies (2) is just the half-plane version of Julia's theorem, 
[T2"l p. 63]. That (2) implies (3) is trivial. To prove (3) implies (1), 
we again move the problem to the unit disk. Let z — > oo in HI along 
the real axis, so that r = t~ 1 (z) tends radially to 1 in D (in fact non- 
tangential convergence is sufficient here). Letting L denote the limit 
supremum in (3), we see from (12. 6p that 



(2 - ?) 'T-fi P \l-rf 1-mrW ~ L > 

so for some finite M > L and all r sufficiently close to 1, 

/ x \l-^P(r)\ 2 _l-|^(r)| 2 

(2.8) l — — -^^<M 1 , v ,;' . 

We will be done if we can show that 

(2.9) liminfifMMI! <00) 

since again by the disk version of Julia-Caratheodory [121 p. 57], this 
implies that ip has a finite angular derivative at 1, which is equivalent 
to(l). 

To prove f)2.9p . observe that the numerator on the left hand side of 
fT2T8D dominates (1 - \ip(r)\) 2 , thus 

(i-mr)\i <M fi-mr)f 



\1 — ry 

which implies (after some algebra, and using the fact that r is real) 

i-hKOI 2 <M fi + Mr)\ 
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The right hand side remains bounded as r — > 1, which proves (12.91) . 

□ 

The key observation used in the proof of Theorem 13.11 below is that 
by combining Propositions 12.11 and 12.21 we can express the existence 
of the angular derivative in terms of the positivity of a kernel. In 

3lz 

particular, we note that if <p'(oo) = A, then sup = A, and so 

the function <p(z) — \~ 1 z has positive real part in H. By Nevanlinna's 
theorem, the kernel 



, 2 1Q) (<P(*) ~ A^g) + (gH - A-%) 

1 ' ' z + w 

is therefore positive. 

3. Main results 

Theorem 3.1. Let ip : HI — > EI be holomorphic. The composition 
operator C v is bounded on H 2 (M) if and only if ip has a finite angular 
derivative < A < oo at infinity, in which case \\C^\\ = VX 

Proof. Suppose <p fixes oo and <p'(oo) = A; it suffices to show 

(3.1) \{k w , k z ) H 2 - (C^k w , C*k z ) H 2 

is a positive kernel. Indeed, if this is so then (recalling that the linear 
span of the kernel functions k w is dense) the densely defined operator 
: hut * k<p( w ) is bounded by VA. It thus has a unique bounded ex- 
tension to H 2 , and this extension must be the adjoint of C v . Expanding 
out (13.11) . we get 

A 1 



z + w ip(z) + (f(w) 

Dividing through by A, we will show that 

/ n 1 A" 1 

(3.2) 



z + w ip(z) + ip(w) 



is positive. Factor out (<p{z) + tp(w)) 1 to obtain 
(3.3) 



1 A -1 1 (p(z) + <p(w) 



z + w cp(z) + cp(w) <p(z) + <p(w)\ z + w 



= 1 / Mz) - \- l z) + (cpjw) - A-% ) 
<p(z) +ip{w) \ z + w 
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The expression on the last line is a product of two kernels. The kernel 
((p(z) + tpiw)) -1 is positive since it factors as (Aw w ), k v ^) H 2. The 
kernel in parentheses is positive by the remark following Proposition 
12.21 Thus (13.21) is positive, as desired. 

For the converse, suppose \\C 9 \\ < M. Then for every z G H, 

' - >\C*kJ\ 2 < M 2 \\k 7 \\ 2 = M 2 1 



2Sfop(z) " v " ~ " " 2^z 

which implies that ^tz/^R(p(z) is bounded by M 2 in H, and hence (p 
fixes oo and has finite angular derivative by Proposition 12.21 

For the norm computation, observe that the first part of the proof 
shows that \\C V \\ < vA, while the second part of the proof (and an 
application of the Julia-Caratheodory theorem) shows that \\C V \\ > 

VX ' □ 

The following corollary follows immediately from the proof. The 
corresponding statement is false in the disk; see [2]. 

Corollary 3.2. Bounded composition operators on H 2 (M) have the 
kernel supremum property, that is, 



(3.5) ||Cy>H = sup 



\C*k 



A', 



Matache [7] proved that there are no nonzero compact composition 
operators on H 2 (M). The following corollary strengthens this result, 
and shows that in a sense composition operators on the half-plane are 
as non-compact as possible. Recall that if T is a bounded operator 
on Hilbert space H, its essential norm ||T|| e is the distance from T to 
the set of compact operators on H, and ||T|| e = if and only if T is 
compact. 



Corollary 3.3. For every bounded composition operator on H 2 { 
we have WC^W = \\C,p\\ e . In particular, there are no nonzero compact 
composition operators on H 2 (M). 

Proof. The inequality 1 1 C^, 1 1 e < 1 1 C^, 1 1 is trivial. For the reverse inequal- 
ity, recall that 

1 1 ^^ftz 1 1 

yC^He > limsup 

z— >oo I Kz | 

Indeed, given e > choose a compact Q so that ||C V — Q\\ < \\C v \\ e + e. 
Since the normalized kernel functions /c 2 /||fc z || tend weakly to as z — > 
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l|c;|| e + e> ||c;-qh 



(3.7) 



> limsup 



\\(c;-Q)k z 

ini 



(3.9) 



(3.8) 



= limsup 



z^oo 



lim sup 



C^zll 

W 



z^oo 



(3.10) 



where the last equality follows by the Julia-Caratheodory theorem. □ 

Theorem 3.4. IfC v is bounded on H 2 , then its spectral radius is equal 
to its norm. 

Proof. Let A = <//(oo). Letting ip n denote the n th iterate of ip, by 
the Julia-Caratheodory theorem (p' n (oo) = \ n . Thus ||C™|| = \ n/2 , so 

taking n th roots and letting n go to infinity we get r (cy = Vx as 
desired. □ 

Using the inner-outer factorization of H p functions, the norm calcu- 
lation for may be extended to the full range < p < oo. We leave 
the details to the interested reader. 

Corollary 3.5. Let < p < oo. The composition operator is 
bounded on H p if and only if it is bounded on H 2 , in which case 
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H>\\m 



\ l / p , where A = <//(oo). 
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